We study the shearing rheology of dense suspensions of elastic capsules, taking aggregation-free red blood cells as a physiologically relevant example. Particles are non-Brownian and interact only via hydrodynamics and short-range repulsive forces. An analysis of the different stress mechanisms in the suspension shows that the viscosity is governed by the shear elasticity of the capsules, whereas the repulsive forces are subdominant. Evidence for a dynamic yield stress above a critical volume fraction is provided and related to the elastic properties of the capsules. The overall rheology is shown to follow a critical jamming scenario and is rather insensitive to the tumbling-to-tank-treading transition. The behavior of the viscosity in the fluid phase is rationalized in terms of effective medium models. Furthermore, the role of confinement effects, which enhance the shear-thinning of the viscosity, is discussed.
I. INTRODUCTION
Non-Brownian suspensions of soft particles are not only relevant from a technological or biological perspective, but they are also a paramount example of soft glassy materials and understanding of their flow behavior has gained much attention recently [1] [2] [3] . As a consequence of the deformable nature of the particles, the suspension attains viscoelastic properties and the effective viscosity shows a pronounced dependence on shear rate [4, 5] .
Blood is a special, physiologically relevant example of an athermal soft-particle suspension, consisting mainly of red blood cells (RBCs) in a liquid medium. Both the overall rheological behavior of blood (see, e.g., [6, 7] and references therein) as well as the hydrodynamics of isolated vesicles and capsules (see, e.g., [8] [9] [10] ) have been studied in quite detail. However, connecting both regimes is challenging owing to the complex shape, dynamics and interactions of the particles. The coupling between flow and particle deformation complicates theoretical approaches to the modeling of the rheology of softparticle suspensions or emulsions [11] [12] [13] [14] , making simulations often an indispensable tool [15] [16] [17] [18] . Due to their shear elasticity and non-spherical shape, RBCs usually tumble at low and tank-tread at high shear rates [19] [20] [21] , and different views exist as to how these behaviors affect the macroscopic rheological properties of blood [19, [22] [23] [24] . Furthermore, the physical origin of a yield stress [25, 26] , contributing to the strong increase of viscosity at high volume fractions, has remained somewhat unclear in the case of non-aggregating RBC suspensions.
In this work, we shed a light on the above issues via analytical models as well as numerical simulations of dense suspensions of non-aggregating RBCs. Most of our insights and conclusions, however, do not rely on the particular shape of RBCs and should thus be applicable to other types of athermal capsule suspensions as well. We simulate suspensions of non-aggregating RBCs in walldriven shear flow by coupling, via the immersed boundary method [27] , a finite element model for the capsule mechanics with a lattice Boltzmann model for the hydrodynamics [28, 29] . The mechanical properties of an RBC are described by Skalak's [30] and Helfrich's [31] constitutive laws for the strain and bending energies, together with additional constraints to ensure membrane area and volume conservation. Short-range repulsive interactions are included to improve numerical stability and are found to have a negligible influence on the rheology. Our simulations cover three decades in reduced shear rate (capillary number) and volume fractions φ between 12 and 90%, which significantly exceed comparable previous simulation works [15, 17, 18, 32] and thus allow us to unveil crucial scaling laws governing the suspension rheology. We provide evidence for the existence of a yield stress above a critical volume fraction in the present, aggregation-free model, and rationalize it in terms of Hertzian contact elasticity. For intermediate shear rates, the viscosity is strongly shear-thinning, following an effective power-law. Our results indicate that cell elasticity and the distance to the jamming point are the most dominant factors determining the rheology of suspensions of aggregation-free RBCs or similar types of capsules. The rotational dynamics of the cells, in contrast, is not found to have a significant impact on the suspension rheology. To gain a principal understanding of the viscosity in the dense regime, different effective medium models are investigated and the role of confinement effects is analyzed. We find that wall-induced confinement of a capsule in a shear flow enhances the shearthinning of the single-particle viscosity and argue that similar effects should also play a role in a dense suspension, where an effective confinement is provided by the neighboring particles.
II. METHODOLOGY AND SIMULATIONS

A. Simulation model
The mechanical properties of the capsules in our simulations are modeled in terms of an energy functional of the form
where the individual terms describe energy penalties against strain, bending, area and volume changes, respectively. For the strain energy, we employ Skalak's model [30] ,
with κ S and κ α being the strain and area modulus and I 1,2 the in-plane strain invariants, which are related to the eigenvalues of the local membrane deformation tensor (see [28] for more details). The bending energy is described by Helfrich's model [31] ,
where κ B is the bending modulus, H and H (0) are the spontaneous and mean curvatures. While the resistance against surface area changes embodied in eq. (2) is due to the cytoskeleton, a much larger energy penalty arises from the bilayer, which can be described by a surface energy of the form [33, 34] ,
with κ A being the surface modulus. Finally, the conservation of cell volume is ensured by means of a volume energy,
with κ V being the volume modulus. In the above, A, V and A (0) , V (0) are the instantaneous and equilibrium values of the membrane area and volume, respectively. We note that E V is introduced primarily due to numerical reasons related to the immersed boundary method [35] , although its shape can be motived based on considerations of the osmotic pressure of the RBC [34] . For further information on the physical origin of the above mechanical laws, we refer to the literature [33, 36, 37] .
In our simulations, a capsule is represented by a moving (Lagrangian) mesh obtained from triangulation of the biconcave surface of a RBC. From eq. (1), the elastic forces acting on each membrane node located at position r i are obtained via
To improve numerical stability and avoid potential particle overlap, we additionally employ a repulsive force between two nodes of cells in proximity. This force respects conservation of linear and angular momentum and is zero for node-to-node distances larger than one lattice constant and increases as 1/r 2 for smaller distances (cf. [38] ):
Here, d ij is the distance between the two nodes i and j, κ int is a constant parameter and f
The suspending fluid is governed by the Navier-Stokes equations,
where ρ and u are the density and velocity, η 0 , ζ 0 are bare shear and bulk viscosities and F is an external force density (see below). The Navier-Stokes equations are solved using a standard ideal-gas type lattice Boltzmann algorithm [28] . The pressure P is given by P = ρ/3 for the present lattice Boltzmann model [39] . Although the present method admits in principle for inertial effects, we select parameters such that the Reynolds and Mach number (the latter being an indicator of the compressibility of the fluid) remain small.
The coupling between fluid and solid is realized via the immersed boundary method [27] , in which the total membrane force f tot is "spread" to the Eulerian fluid grid according to (a suitably discretized form of)
Here, q denotes the position of a fluid node, while s, v denote locations on the surface of the membrane. The total membrane force is given by the sum of the elastic [eq. (6) ] and interaction forces [eq. (7)],
Conversely, the membrane nodes are moving with the local flow velocity interpolated at each membrane node:
We generally employ a two-point stencil for the evaluation of the discrete version of the delta function in the above equations. For further details, we refer to [28] .
B. Stress evaluation
In the lattice Boltzmann method, several approaches are available to compute global and local stresses. In the presence of solid walls, the simplest method to obtain the system-averaged shear stress is to consider the momentum exchange ∆p between fluid and wall,
Here, ∆A is a normal vector of an area element at the wall and σ w is the wall stress. Assuming that particles experience no direct contact with the wall, the momentum transfer ∆p can be simply computed form the lattice Boltzmann populations subject to the bounce back rule at the wall, see [40] [41] [42] . In this case, the total shear stress of the suspension is given by σ w xz = ±∆p x ∆t∆A, assuming wall normals pointing in z-direction and shear flow in x-direction. If particles can interact directly with the wall, the corresponding interaction forces have to be added to ∆p to ensure momentum conservation. This applies, for instance, when particles are glued to the wall in order to mimic roughness.
In cases where the full tensorial information on the stress is needed, one might resort to the stresslet approach due to Batchelor [43] . Here, the bulk stress of an overall force-free suspension is split into a contribution of the pressure in the fluid volume, the bare fluid stress (i.e., the stress in the absence of particles) and the stress due to the particles:
withΠ andĒ being the volume-averaged scalar pressure and strain tensor. The average particle stressσ P consists, in the present case, of a contribution from elastic membrane and particle interaction forces,
For liquid filled membranes with identical inner and outer viscosities, we have [44, 45] σ P,el
where the first sum runs over all particles and the second over all membrane nodes i k of particle k. Here, f el is the force exerted by the membrane on the fluid [eq. (6) ], which also equals the stress jump across the membrane surface. The contribution from the interaction forces [eq. (7)] to the stresslet of each participating particle is given bȳ
where i k and j n run over all nodes of the two interacting capsules k, n, and d i k jn is the distance vector connecting two such nodes. We generally find that the stress computed from the momentum transport at the walls [eq. (14) ] is identical to the one obtained from the stresslet [eq. (15) ]. The effective suspension viscosity is defined in terms of the effective shear stress σ xz as η = σ xz /γ. A layer of cells is glued to the wall in order to avoid slip effects. The corresponding cells are moving with the wall by means of a force that is proportional to the difference between the expected and actual particle position. The shear rate profile is homogeneous on average and we do not observe long-time steady shear bands in our simulations [46] . We have also checked, by studying the pair probability distribution (data not shown), that crystallization or lane formation [47] [48] [49] [50] is absent and the suspension remains in a disordered state. More details on the suspension microstructure will be published in a different article.
In order to minimize area and volume fluctuations of the cells, we generally set the area and volume deviation moduli to unity, κ α = κ A = κ V = 1 l.u., which is close to the upper limit of numerical stability. To cover a large region of capillary numbers, we change both shear rate and shear modulus (see Tab. I), keeping the ratio between bending and shear modulus fixed at κ B /κ S = 2.47·10 −3 r 2 (κ B = κ S /5 in l.u.). While it is known that the ratio of the shear modulus to the area dilation modulus has some effect on the shear thinning properties of a single capsule [45] , we find that the suspension rheology is predominantly determined by the shear elasticity (cf. number defined by
is an appropriate dimensionless parameter to characterize the rheology of suspensions of elastic capsules. The capillary number can also be viewed as the ratio between the time scales of the shear relaxation of the capsule, τ el = η 0 r/κ S , and external shear perturbation, Ca = τ elγ . In addition to the bare capillary number defined above, one might also define an effective capillary number,
based on the effective viscosity η. We have shown previously [29] that the rotational state (i.e., tumbling or tank-treading motion) of the capsules is sensitive to Ca * . Thus, plotting a quantity versus Ca * can be a useful means to detect a possible influence of the cell rotation.
The volume fractions φ we report are effective quantities, corrected to account for the slightly increased hydrodynamic radius caused by force interpolation of the immersed boundary method [28] . The effective hydrodynamic radius can be determined, for instance, by comparing the viscosity of a quasi-rigid spherical capsule with the classical Einstein prediction [51] . A similar approach employs the angular velocity of a quasi-rigid ellipsoidal capsule [52] . We find that both approaches give comparable results and predict that bare and effective volume fractions are related by φ ≃ (1.20 ± 0.05)φ bare for the present resolution.
III. RESULTS
A. Shear viscosity Fig. 2 shows the effective suspension viscosity η (normalized to the viscosity η 0 of the background solvent) obtained from our simulations. Characteristically for suspensions of deformable particles, the viscosity reveals a Newtonian plateau at low volume fractions, which goes over into a shear-thinning regime that becomes more pronounced with increasing volume fraction. We find that, at large capillary numbers and volume fractions, the viscosity follows an effective power-law η ∝ Ca q , with q ≃ −0.5. The behavior at still larger capillary numbers is not accessible in our simulations, but experiments on RBC suspensions have observed another Newtonian plateau at high shear rates [19] . The upward bending of the viscosity curves at lower Ca is related to the presence of a yield stress (see sec. III D). As Fig. 2b shows, the viscosity grows approximately exponentially with φ and diverges at the maximum packing fraction φ = 1. We remark that a power-law-like behavior over some range of φ can not be excluded, though (see inset to Fig. 2b) . A quantitative explanation of these observations in terms of effective medium models is provided in sec. IV.
The dotted curves in Fig. 2 represent experimental measurements of [25] performed on non-aggregating RBCs in Ringer solution. Experimental quantities were converted to suitable dimensionless numbers by making use of the typical physiological values of solvent viscosity η 0 = 0.7 mPa s, RBC radius r = 4 µm and shear modulus κ S = 5 µN m −1 , which yield a relation between the capillary number and the experimentally reported shear rate, Ca = 9.6·10 −4 s·γ. Furthermore, since the viscosity values reported in [25] were given as a function of volume fraction for a limited number of different shear rates, we transformed them, for better comparison, in Fig. 2a into the representation η(γ) via interpolation. Overall, we note a good agreement between the experimental measurements and our simulation results. Part of the observed deviations can be attributed to the fact that, in the present simulations, fluids inside and outside of the cell have identical viscosities, whereas, in reality, the viscosity of the inner hemoglobin solution is about five times larger than the surrounding solvent. This is particularly relevant in the tank-treading regime at larger capillary numbers [29] , where the inner fluid is sheared and thus significantly contributes to dissipation. Additionally, at larger Ca, the membrane viscosity [53] , which is absent in the present model, is expected to become important. These effects might also be responsible for the deviation from the effective power-law that describes the simulation results well. We finally mention that, in principle, deviations could also be caused by a finite mesh resolution, especially at large volume fractions where particles are in close contact. However, based on the good agreement with the experimental results, we expect these deviations to be of more quantitative nature and not to significantly affect the overall trends reported here.
B. Effect of the tumbling-to-tank-treading transition on the viscosity
In a suspension, the crossover from tumbling to tanktreading motion happens at an effective capillary number . In contrast to certain structural quantities, such as the nematic order parameter [29] , the effective viscosity shows no sharp transition at the tumbling-to-tank-treading transition. Instead, a description in terms of a critical jamming scenario seems to be more appropriate (see text).
Ca
* ≡ (η/η 0 )Ca ≃ 0.1 (represented by the dashed curve in Fig 2a) and is concomitant with a nematic ordering [29] . However, as Fig. 2 indicates, the transition between the two states has no obvious effect on the shear-thinning behavior of the viscosity. This is further emphasized by a plot of the suspension viscosity versus Ca * (Fig. 3) , which does not reveal a sharp transition at the tumbling-totank-treading boundary. The absence of a strong influence of the tumbling-to-tank-treading transition on the viscosity of a very dense suspension might not be surprising, though, as excluded volume effects are expected to dominate in that limit, hindering the free rotation of the cells. Indeed, it turns out that, at high densities, cells do not continuously tumble, but instead perform an intermittent flipping motion, where the typical time between flips can be of several ten inverse shear rates at high volume fractions [29] .
Interestingly, however, even for a single RBC, we do not observe a clear sign of the tumbling-to-tank-treading transition in the viscosity -consistent with previous works on isolated ellipsoidal capsules [54, 55] . This is made directly evident by comparing (Fig. 4 ) the intrinsic viscosity η in ≡ (η − η 0 )/η 0 φ of a RBC in shear flow for two different orientations, where, in one case, the cell tumbles at low Ca and tank-treads at high Ca, while in the other case, only the deformation changes with Ca. In both cases, the deviation of the intrinsic viscosity from its value for Ca → 0, η in (Ca) − η in (0), behaves similarly and scales approximately linearly with capillary number (Fig. 4b) . It is noteworthy that an approximately linear behavior of η in (Ca) − η in (0) is consistent with results of previous simulation works [16, 45, 54] , but unexpected on the basis of a number of existing theoretical works on elastic capsules [55] [56] [57] [58] [59] , which predict a scaling η(0) − η(Ca) ∝ O (Ca 2 ) at leading order. The precise reason for this discrepancy is unclear at present, but might be related to the constitutive models employed and should be investigated in future works. The cell deformation, as characterized by the Taylor deformation parameter, also depends linearly on Ca for Ca 0.1 (inset to Fig. 4b ), in agreement with theoretical predictions [60] . The Taylor deformation parameter is defined as D = (a − b)/(a + b), where a and b are the large and small major-axes of the equivalent inertia ellipsoid of the RBC (cf. [29] ). 
C. Stress mechanisms
Each of the forces arising in the model, eq. (12), contributes to the total particle stress in the simulation and can be accessed via the appropriate stresslets [see eqs. (17) , (18)]. Fig. 5a -c depict the magnitude of the strain, bending, and interaction shear stresses relative to the total particle shear stressσ P xz . Overall, the strain and bending stresses in the dense suspension follow the trend of a single RBC (dashed curves in Fig. 5a-b) . The most dominant contribution to the stress is provided by the shear elasticity (Fig. 5a) , its magnitude being typically more than two thirds of the total particle stresslet. The bending stiffness (Fig. 5b) contributes most of the remaining part to the total stress in the tumbling regime (Ca * 0.1), but diminishes rapidly in the tank-treading regime. The stress contribution from the interaction force [ Fig. 5c, eq. (18) ] remains moderate in all cases studied, growing not larger than around 10% of the total stress in the densest suspension. The contributions due to area and volume incompressibility are negligible and we do not show them here.
Interestingly, the relative stress due to strain forces increases with shear rate and decreases with volume fraction, whereas relative bending and interaction stresses show the opposite behavior. In contrast to the total stress, the bending stress is sensitive to the tumblingto-tank-treading transition and shows a scaling collapse in the tank-treading regime.
In principle, both short-range repulsive pairinteractions and particle deformability can give rise to non-Newtonian behavior in a suspension [1, 61] . As Fig. 5d (solid lines) shows, excluding the interaction forces from the computation of the particle stress has a negligible effect on the effective viscosity. Rather, we note that the overall behavior of the viscosity is entirely reflecting the contribution due to shear elasticity (dashed lines). Thus, we may conclude that particle shear elasticity is the major source of non-Newtonian behavior in the present model.
D. Yield stress
To capture the rheology in the regime of small shear rates and high volume fractions, we fit a Herschel-Bulkley form [4] 
to the stress as measured by experiments [25] [90] and our simulations (see Fig. 6a ). Here,σ ≡ σr/κ S = Ca * andσ y ≡ σ y r/κ S denote the shear stress and yield stress non-dimensionalized by the scale of the elastic membrane stress (κ S being the shear modulus and r = d/2 the large semiaxis of the RBC) and k and p are free fit parameters. The Herschel-Bulkley exponent results as p = 0.56 ± 0.05 in simulations and p = 0.61 ± 0.05 in experiments. The yield stress (Fig. 6b) is found to practically vanish below a critical volume fraction φ c , which can be associated with the random close packing value φ c ≃ 0.66 for oblate ellipsoids of the same aspect ratio (∼ 0.33) as RBCs [62] [91] .
The growth of σ y above φ c can be related to the increase of contact energy upon compression of the particles above φ c [2, [63] [64] [65] . To this end, we have numerically determined the dependence of the elastic energy ∆E on the amount of compression (characterized by a indentation parameter δ = r − H/2) for our mechanical model in a simple setup, where a spherical capsule (radius r) is compressed by two solid walls a distance H apart (see inset to Fig. 6b) . We find (inset to Fig. 6b ) that the contact energy scales ∝ (δ/r)
1.4 at small compressions and thus significantly deviates from the naive expectations of Hertzian theory [66] , which predicts an exponent of 2.5. The different scaling can be attributed to the presence of bending elasticity and will be discussed in more details in a future work. The strong increase of the energy at large compressions is related to the incompressibility of the capsule [67] .
In order to transfer these results to a dense suspension, we note that the amount of compression is related to the volume fraction via δ/r ≃ 1 − (φ c /φ) 1/3 [92] . The yield stress can be estimated as σ y = Gγ y ≃ ∆E/∆φ 0.5 , where ∆φ ≡ φ−φ c and we assumed a scaling of the shear modulus, G ∼ ∆E/∆φ 1.5 , and yield strain, γ y ∼ ∆φ, as typical for disordered solids [64, 68] . The resulting function σ y (∆φ) (solid curve in Fig. 6b ) fits the simulated and experimental data quite well, with a prefactor of around 4.7. We remark that, empirically, the yield stress can also be described by a simple power law σ y ∝ ∆φ n , with n ≃ 2.5 ± 0.5. While previous experimental studies of the yield stress of RBC suspensions have obtained similar power-law scalings [69] , the connection to micro-mechanical properties of the cells has not been elucidated. Note that experiments have often shown a large spread in the extracted values of the yield stress, that is affected partly also by the measurement procedure [26] .
E. Critical jamming scenario
The overall rheology of RBC suspensions can be represented in terms of a critical jamming "phase diagram", originally introduced in the study of athermal disordered model suspensions [70] . Scaling the viscous stress and the capillary number by (a certain power of) the distance to the jamming point φ c results in a remarkable data collapse onto a sub-and supercritical branch, as seen in Fig. 7 . Note that the critical jamming framework predicts only three distinct rheological regimes, which implies that the strong-deformation regime (corresponding to Ca * 0.1) and yield-stress regime (Ca * 0.1 and φ φ c ) share the same power-law exponents characterizing the shear-thinning of the viscosity, i.e., q ≃ p − 1, which is consistent with our simulations. This scenario, of course, does not account for the presumed second Newtonian regime at very large capillary numbers observed in experiments [19] .
IV. EFFECTIVE MEDIUM MODELS A. Conventional approach
A phenomenological approach to develop some understanding of the behavior of the effective suspension vis- cosity is provided by effective medium theory [4] , which has been successfully applied to a variety of different types of suspensions and emulsions, see, e.g., [14, 71, 72] . The starting point of effective medium theory is the Einstein-type expression for the viscosity of the suspension in the dilute case, as given by
with η in (Ca) being the intrinsic viscosity (see Fig. 4 ). The viscosity of a dense suspension is obtained based on the idea that, upon successively adding particles, the viscosity increment at each step is given by eq. (22), with, however, the bare viscosity replaced by the effective viscosity in order to account for the particles already present. This idea is formalized by rewriting eq. (22) 
which is to be solved subject to the initial condition η(φ = 0, Ca) = η 0 . The replacement of the bare by the effective capillary number, Ca * = (η/η 0 )Ca in eq. (23) is central to the application of the model to a soft-particle suspension and encapsulates the notion that viscosity is dominated by capsule deformation, hence Ca * (see [29] and Fig. 4) .
In order to account for excluded volume effects with increasing φ, refinements of the simple effective medium equation (23) have been proposed [73] , in which the volume increment is dφ/(1 − φ/φ m ) rather than dφ. Here, φ m is the maximum packing fraction fraction at which the viscosity is supposed to diverge. In the case of hard particles, this is typically the volume fraction of random close packing. However, when particles are deformable, packing fractions close to 1 are possible (see Fig. 2 ), which suggests to take φ m = 1 in the present case. Taken together, a modified effective medium equation can be proposed as [72] dη(φ, Ca) dφ
It is useful to note that, in the limit Ca → 0, the above effective medium models predict viscosities that are independent of the constitutive law represented by η in (Ca): from eq. (23), an exponential dependence on volume fraction results,
with η in,0 ≡ η in (Ca = 0), whereas eq. (24) predicts a power-law divergence at φ m = 1,
which corresponds in fact to the well-known viscosity formula of Krieger and Dougherty [73] . To evaluate the effective medium equations, we shall use, for definiteness, in the following the intrinsic viscosity of the RBC that has its major plane perpendicular to the shearing plane (in which case we find η(0) ≃ 2.8, see Fig. 4a ). The viscosity curve is furthermore smoothly extrapolated towards smaller and larger capillary numbers by assuming a constant η in [93] . Fig. 8a,b show the results of the integration of eqs. (23) and (24), respectively. Although deviations between simulation data and theory appear already at small volume fractions, we note that the effective medium model captures some of the aspects of the suspension rheology -in particular, the shift of the shear-thinning regime towards smaller Ca with increasing volume fraction and the approximately exponential dependence of the viscosity on volume fraction. We note that the quality of these results is comparable to previous effective medium approaches to model the viscosity of blood based on the constitutive relation of a single isolated cell [72] .
B. Confinement effects
In a dense suspension, hydrodynamic interactions between particles generate additional stresses which significantly alter the effective viscosity over its value in the dilute case [74] . If the particles are deformable, the situation is complicated by the fact that surface stresses and particle deformation are coupled. This aspect is most eminent at intermediate capillary numbers, where shearthinning and hence nonlinear deformation effects are strong. This regime is also the physiologically most relevant one for blood flow. Conventional effective medium models account for particle interactions in a phenomenological way by assuming that the suspension becomes overall more viscous if particles are added. As the results of the previous section indicate, this approach obviously fails to capture all relevant effects in the present case. It appears that the mutual confinement of the particles in a dense suspension influences the single-particle viscosity in a way not accounted for by the simple models of eqs. (23) or (24) .
In order to understand the principal effects induced by confinement of a deformable particle, we first study the situation where a single RBC (large radius r) in shear flow is confined by solid walls (a distance H apart), see inset to Fig. 9 . The resulting intrinsic viscosity η in for different levels of confinement χ ≡ 2r/H is shown in Fig. 9 . The major plane of the cell is oriented here perpendicular to the shearing plane, which also corresponds to the most probable alignment of cells in suspension [75] . Interestingly, a stronger confinement not only leads to an increased viscosity, but also enhances the shear-thinning regime. In the case of rigid particle suspensions, the viscosity increase under confinement is well known [76] [77] [78] [79] [80] . Note that the shear-thinning behavior for a single cell is very different from the power-law η ∝ Ca −0.5 (dashed curve in Fig. 9 ) that applies to a dense suspension (cf. Fig. 2a) . We have not included viscosity values for confinements χ close to 1, since in that case the cell assumes a static orientation almost perpendicular to the flow, leading to a spurious rise of the effective viscosity. The problem does not occur for very strong confinements (here, χ = 1.8), however. We finally remark that effects of confining walls on the dynamics of vesicles and RBCs have been studied in [81] .
Returning to the case of a bulk suspension, we may resort -in lack of a detailed theoretical model -to a somewhat crude approach and assume that the essential effects of confinement due to neighboring particles are similar to the situation of wall-induced confinement. To this end, we propose the modified effective medium equation
where η in is now the intrinsic single-cell viscosity displayed in Fig. 9 , linearly interpolated over the missing intermediate confinement values. Taking H 3 as a measure for the volume occupied by each particle in a suspension implies a simple mapping relation between confinement and volume fraction,
Here, v c ≃ 1.6r 3 is the volume of a RBC and c ≃ 1.15 is a free parameter that has been adjusted to obtain the best agreement with our simulation results. Note that χ ≃ 1 already at φ ≃ 0.15, thus confinement effects are relevant for all volume fractions studied here (cf. [82] ). Solving eq. (27) subject to the initial condition η(φ = 0, Ca) = η 0 results in the effective suspension viscosity represented by the dashed curves in Fig. 10 . Remarkably, despite the rather simplistic approach to incorporate confinement effects, we obtain an impressive agreement over a wide range of volume fractions and capillary numbers. In particular, the effective power-law η ∝ Ca −0.5 , characterizing the shear-thinning of the viscosity over a large range of capillary numbers (Fig. 2a) , is correctly predicted and is seen here to emerge in a nontrivial way from the shearthinning behavior of a single cell, which obeys a different Ca-dependence (see Fig. 9 ). Consistent with the critical jamming scenario, the value of the above exponent matches the expectation from the Herschel-Bulkley fits, p−1 with p ≃ 0.56±0.05. Note that no fitting parameters are involved here, except for the choice of the mapping relation between φ and χ [eq. (28) ].
At small capillary numbers, the suspension viscosity obtained from the effective medium models necessarily exhibits a Newtonian plateau, as this characteristic is already present in the intrinsic viscosity of a single particle. The present models can thus not predict the apparent divergence of the suspension viscosity in the limit Ca → 0 at large φ. (dotted curve) that characterizes the shear-thinning behavior of a dense suspension (cf. Fig. 2a ) is included.
V. SUMMARY AND DISCUSSION
In the present work, we have studied a suspension of aggregation-free red blood cells, focusing on the connection between micro-mechanical properties of the capsules and the macroscopic rheology. The capsules are modeled as incompressible elastic membranes with a certain shear and bending stiffness. Thermal fluctuations are absent and particles interact only via hydrodynamics and shortrange repulsive forces. The latter are essentially included to improve numerical stability and their influence on the overall rheology is found to be weak. Remarkably, the complex shape and rotational dynamics of a RBC does not show up prominently in the macro-scale rheology, which, rather, is determined by the shear elasticity of the particles and the distance to the jamming point. The shear viscosity is in good agreement with previous experi- mental studies [25] and exhibits three distinct regimes: at small capillary numbers, a Newtonian plateau is present at low volume fractions, which goes over into a yield stress regime at high volume fractions; for large capillary numbers, the viscosity is strongly shear-thinning, following a power-law η ∝ Ca q , with q ≃ −0.5. A similar exponent describes also the Herschel-Bulkley fits in the yield stress regime, consistent with the expectation from the critical jamming scenario. We remark that a HerschelBulkley exponent of 1/2 has also been observed in simulations of model foams [83] [84] [85] as well as in generic elastoplastic models [86] , and has been predicted theoretically for soft particle pastes based on a coupling between lubrication flow and elasticity [87, 88] . The yield stress is found to be consistent with a model based on elastic contact interactions between cells, assuming a typical scaling of shear modulus and yield strain in amorphous solids. We found that simple effective medium models based on the intrinsic viscosity of a free particle did not provide a quantitatively satisfactory description of the suspension viscosity. This is interpreted as to point to the importance of confinement effects, which, for the case of a capsule in wall-bounded shear flow, were shown to not only increase the overall magnitude of the viscosity, but also to drastically enhance shear-thinning. In the spirit of an effective medium model, the power-law exponent q characterizing the shear-thinning of the suspension viscosity can then be understood as a consequence of a "renormalization" due to collective effects of the shear-thinning behavior of single confined cell. Our work is hoped to contribute to a better understanding of the rheology of blood and other soft-particle suspensions beyond purely phenomenological relations [7, 89] . 
